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Abstrat
Using the reently introdued boundary form fator bootstrap equations, we map
the omplete spae of their solutions for the boundary version of the saling Lee-Yang
model and sinh-Gordon theory. We show that the omplete spae of solutions, graded
by the ultraviolet behaviour of the form fators an be brought into orrespondene
with the spetrum of loal boundary operators expeted from boundary onformal
eld theory, whih is a major evidene for the orretness of the boundary form fator
bootstrap framework.
1 Introdution
The bootstrap program aims to lassify and expliitly solve 1+1 dimensional integrable
quantum eld theories by onstruting all of their Wightman funtions. For bulk theories,
the rst stage is the S-matrix bootstrap: the sattering matrix, onneting asymptoti in
and out states, is determined from its properties suh as fatorizability, unitarity, ross-
ing symmetry and the Yang-Baxter equation supplemented by the maximal analytiity
assumption whih results in the omplete on-shell solution of the theory, i.e. the spetrum
of exitations and their sattering amplitudes (for reviews see [1, 2℄). The seond step is
the form fator bootstrap, whih allows one to determine matrix elements of loal oper-
ators between asymptoti states (form fators) using their analyti properties originating
∗
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from the already known S-matrix. The form fators are then used to build the orrela-
tion (Wightman) funtions via their spetral representations, yielding a omplete o-shell
desription of the theory (see [3℄ for a review).
The rst step of an analogous bootstrap program for 1+1 dimensional integrable bound-
ary quantum eld theories, the boundary R-matrix bootstrap, was developed in the pio-
neering work by Ghoshal and Zamolodhikov [4℄; it makes possible the determination of
the reetion matries and provides omplete desription of the theory on the mass shell.
For the seond step matrix elements of loal operators between asymptoti states have
to be omputed. In a boundary quantum eld theory there are two types of operators, the
bulk and the boundary operators, where their names indiate their loalization point. The
boundary bootstrap program, namely the boundary form fator program for alulating
the matrix elements of loal boundary operators between asymptoti states was initiated
in [5℄
1
.
In this work we make further progress in understanding the boundary form fator
bootstrap by lassifying and ounting the solutions. In the bulk ase it was proposed by
Cardy and Mussardo that the spae of solutions of form fator axioms is to be identied
with the spae of loal operators [8℄. The program of ounting the solutions was performed
for several interesting models [9, 10, 11, 12℄ and it was shown that the results agree with
the spetrum of loal operators expeted from the Lagrangian desription in terms of the
ultraviolet limiting onformal eld theory. Here we take the models treated in [5℄ and
perform a similar ounting of solutions, whih an then be brought into orrespondene
with the spetrum of boundary operators predited by boundary onformal eld theory.
The outline of the paper is as follows. In Setion 2 we give a short overview of the
boundary form fator axioms and also introdue some basi notions onerning form fator
solutions. In Setion 3 we investigate the saling Lee-Yang model with boundary, whih
has two physially inequivalent boundary onditions. We start with the simpler boundary
ondition (denoted by 1) and develop all the onepts neessary to perform the ounting of
the form fator solutions. Then we apply these to the other boundary ondition (denoted
by Φ) too, while in Setion 4 we treat the boundary sinh-Gordon model using the same
tools. We give our onlusions and disuss major open problems in Setion 5.
2 The boundary form fator bootstrap and the lassi-
ation of solutions
2.1 The boundary form fator axioms
The axioms satised by the form fators of a loal boundary operator were derived in [5℄.
Here we only list them without muh further explanation. Let us suppose that we treat
an integrable boundary quantum eld theory in the domain x < 0, with a single salar
1
There exists no analogous framework for bulk operators in the presene of the boundary yet. Large
distane expansion for their orrelators in terms of bulk form fators an be given using the boundary
state formalism, but so far this approah has only been used to ompute one-point funtions [6, 7℄.
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partile of mass m, whih has a two-partile S matrix S(θ) (using the standard rapidity
parametrization) and a one-partile reetion fator R(θ) o the boundary, satisfying the
boundary reetion fator bootstrap onditions of Ghoshal and Zamolodhikov [4℄. For a
loal operator O(t) loalized at the boundary (loated at x = 0, and parameterized by the
time oordinate t) the form fators are dened as
out〈θ′1, θ
′
2, . . . , θ
′
m|O(t)|θ1, θ2, . . . , θn〉in =
FOmn(θ
′
1, θ
′
2, . . . , θ
′
m; θ1, θ2, . . . , θn)e
−imt(
P
cosh θi−
P
cosh θ
′
j)
for θ1 > θ2 > . . . > θn > 0 and θ
′
1 < θ
′
2 < . . . < θ
′
m < 0, using the asymptoti in/out
state formalism introdued in [13℄. They an be extended analytially to other values of
rapidities. With the help of the rossing relations derived in [5℄ all form fators an be
expressed in terms of the elementary form fators
out〈0|O(0)|θ1, θ2, . . . , θn〉in = FOn (θ1, θ2, . . . , θn)
whih an be shown to satisfy the following axioms:
I. Permutation:
FOn (θ1, . . . , θi, θi+1, . . . , θn) = S(θi − θi+1)FOn (θ1, . . . , θi+1, θi, . . . , θn)
II. Reetion:
FOn (θ1, . . . , θn−1, θn) = R(θn)F
O
n (θ1, . . . , θn−1,−θn)
III. Crossing reetion:
FOn (θ1, θ2, . . . , θn) = R(ipi − θ1)FOn (2ipi − θ1, θ2, . . . , θn)
IV. Kinematial singularity
−iRes
θ=θ′
FOn+2(θ + ipi, θ
′
, θ1, . . . , θn) =
(
1−
n∏
i=1
S(θ − θi)S(θ + θi)
)
FOn (θ1, . . . , θn)
or equivalently desribed as
−iRes
θ=θ′
FOn+2(−θ + ipi, θ
′
, θ1, . . . , θn) =
(
R(θ)−
n∏
i=1
S(θ − θi)R(θ)S(θ + θi)
)
FOn (θ1, . . . , θn)
V. Boundary kinematial singularity
−iRes
θ=0
FOn+1(θ +
ipi
2
, θ1, . . . , θn) =
g
2
(
1−
n∏
i=1
S(
ipi
2
− θi)
)
FOn (θ1, . . . , θn)
3
where g is the one-partile oupling to the boundary
R(θ) ∼ ig
2
2θ − ipi , θ ∼ i
pi
2
(2.1)
VI. Bulk dynamial singularity
−iRes
θ=θ′
FOn+2(θ + iu, θ
′ − iu, θ1, . . . , θn) = ΓFOn+1(θ, θ1, . . . , θn)
orresponding to a bound state pole of the S matrix
S(θ) ∼ iΓ
2
θ − 2iu , θ ∼ 2iu
(in a theory with a single partile, the only possible value is u = pi/3).
VII. Boundary dynamial singularity
−iRes
θ=iv
FOn+1(θ1, . . . , θn, θ) = g˜F˜
O(θ1, . . . , θn)
whih orresponds to a pole in the reetion fator desribing a boundary exited state:
R(θ) ∼ ig˜
2/2
θ − iv , θ ∼ iv
We further assume maximum analytiity i.e. that the form fators have only the minimal
singularity struture onsistent with the above axioms.
2.2 Solution of the axioms
2.2.1 The general Ansatz
The general form fator solution an be written in the following form [5℄
Fn(θ1, θ2, . . . , θn) = Gn(θ1, θ2, . . . , θn)
n∏
i=1
r(θi)
∏
i<j
f(θi − θj)f(θi + θj) (2.2)
where f is the minimal bulk two-partile form fator (2PFF) satisfying the onditions
f(θ) = S(θ)f(−θ), f(ipi + θ) = f(ipi − θ)
and having the minimum possible number of singularities in the physial strip 0 ≤ θ < pi
together with the slowest possible growth at innity [14℄, and r is the minimal boundary
one-partile form fator (1PFF) satisfying
r(θ) = R(θ)r(−θ) ; r(ipi + θ) = R(−θ)r(ipi − θ) (2.3)
plus analyti onditions similar to those of f , but in this ase in the strip 0 ≤ θ < pi/2.
4
The funtions Gn are totally symmetri and meromorphi in the rapidities θi. They
are also even and periodi in them with the period 2pii, so they an only be funtions of
the variables
yi = e
θi + e−θi
Let us now turn to the analysis of the singularity struture. In a theory with only one
partile, the only possible singularity of the S matrix in the physial strip is loated at
θ = 2pii/3 orresponding to the self-fusion of the partile (plus the rossed hannel pole
for the same proess at pii/3) and the relevant fusion oupling is dened as
Γ2 = −i Res
θ= 2pi
3
i
S(θ)
We suppose that the 2PFF funtion f is hosen suh that it has a pole at θ = 2pii/3 so
that it enodes this singularity (for an example see (3.2)). We further assume that the
boundary dynamial singularities (but not the kinematial ones!) are similarly ontained
in the 1PFF funtion r. Then the funtions Gn only have singularities at the positions of
the kinematial singularities, and so they an be written in the form
Gn(θ1, θ2, . . . , θn) =
Qn(y1, y2 . . . , yn)∏
i yi
∏
i<j
(yi + yj)
where the Qn are entire funtions symmetri in their arguments.
2.2.2 Two-point funtions and saling weights
The two-point funtions an be written using a spetral representation:
〈0|O(t)O(0)|0〉 =
∞∑
n=0
1
(2pi)n
∫
θ1>θ2>...>θn>0
dθ1dθ2 . . . dθn FnF
+
n exp
(
−imt
n∑
i=1
cosh θi
)
(2.4)
where time translation invariane was used and the form fators Fn, F
+
n are dened as
Fn = 〈0|O(0)|θ1, θ2, . . . , θn〉in = FOn (θ1, θ2, . . . , θn)
and
F+n = in〈θ1, θ2, . . . , θn|O(0)|0〉 = FOn (ipi + θn, ipi + θn−1, . . . , ipi + θ1)
whih, for unitary theories, is the omplex onjugate of the previous one: F+n = F
∗
n . In
the Eulidean time τ = it the form fator expansion of the orrelator onverges rapidly for
large separations sine multi-partile terms are exponentially suppressed.
We are interested in operators whih an be lassied aording to their saling di-
mensions, whih means that the two-point funtion must have a power-like short-distane
singularity
〈0|O(τ)O(0)|0〉 = 1
τ 2∆
(2.5)
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where ∆ is an exponent determined by the ultraviolet saling weights of the loal elds.
More preisely let us onsider the onformal operator produt expansion
O(τ)O(0) ∼
∑
hi
C iOO
τ 2h−hi
Oi(0)
where h is the ultraviolet weight of the eld O and the hi are the weight of the Oi. It is
obvious that
2∆ = 2h− hmin
where hmin is the minimum of the weights of the operators appearing in the expansion. In
many ases it is hmin = 0 (orresponding to the weight of the identity) and then h and ∆
are idential.
It is well-known that the presene of a power-like singularity means that the form fators
themselves an only grow exponentially in the rapidity variables [15℄ and so the funtions
Qn are symmetri polynomials in the variables yi. The singularity axioms give reursion
relations for the polynomials Qn, for whih we introdue the abbreviated notation
Qn = K [Qn+2]
Qn = D [Qn+1]
Qn = B [Qn+1] (2.6)
where K, D and B denote the reursion relation resulting from the bulk kinematial, bulk
dynamial and boundary kinematial singularity axioms respetively. We give expliit
forms of these relations for spei models later.
If the form fators grow asymptotially as
|Fn(θ1 + θ, θ2 + θ, . . . , θn + θ)| ∼ ex|θ| as |θ| → ∞ (2.7)
(where we assume that the exponent x is independent of the level n)2 then the leading
short-distane behaviour of the individual terms an be easily shown to be 1/τ 2x and so
naively ∆ = x. In fat, leading logarithmi orretions in τ an (and in many ases do)
sum up to an anomalous ontribution to the ultraviolet exponent ∆ and therefore we all
x the naive (or engineering) dimension of the form fator solution.
2.2.3 Towers and loal operators
Following the ideas in the work of Koubek and Mussardo on lassiation of the bulk form
fator solutions [9℄, the set of elementary form fators orresponding to a loal operator
forms a tower of form fators, graded by the number of partiles:
O 7→ FO =
{
FOn (θ1, . . . , θn)
}
n∈N
2
For all models onsidered here we show later that the spae of solutions is spanned by so-alled 'simple
towers' for whih the asymptoti exponent x is indeed independent of the level n.
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Due to the reursion relations (2.6) the solutions (2.2)
Fn(θ1, θ2, . . . , θn) =
Qn(y1, y2 . . . , yn)∏
i yi
∏
i<j
(yi + yj)
n∏
i=1
r(θi)
∏
i<j
f(θi − θj)f(θi + θj)
of the form fator equations an also be lassied into towers whih onsist of a single form
fator at eah level n suh that the solutions at dierent levels are linked together via the
relations (2.6). As we show later in the expliit examples, the reursion relations are suh
that the naive saling dimension x is independent of the level n and therefore it an be
assigned to the tower itself. Therefore the spae of form fator solutions an be rearranged
into a spae of towers T , whih an in turn be graded by the naive saling dimension. Due
to the linearity of the form fator axioms, the spae of towers is a linear spae i.e. whenever
F = {Fn}n∈Nand F ′ = {F ′n}n∈N are two towers, so is their general linear ombination
αF + βF ′ = {αFn + βF ′n}n∈N
While the spae of towers (T ) is always innite dimensional, the subspaes orresponding
to a given value of x an be nite dimensional; in that ase it makes sense to ount the
towers graded by x. We an introdue the harater of this spae by
X(q) =
∑
x
dxq
x
(2.8)
where dx is the linear dimension of those towers whih have naive dimension x.
The spae L of saling loal boundary operators is also a graded linear spae, where
the grading is given by the ultraviolet saling weight ∆. The harater of that spae
an be obtained from boundary onformal eld theory. Our aim here is to bring the two
graded spaes into orrespondene with eah other via omparing their haraters, whih
is atually nothing else than the ounting of linearly independent loal operators lassied
by their ultraviolet saling behaviour.
3 Saling Lee-Yang model with boundary
The saling Lee-Yang model with boundary is a ombined bulk and boundary perturbation
of the boundary version of the M2,5 Virasoro minimal model whih was investigated in
detail in [16℄. The onformal eld theory has entral harge c = −22/5 and the Virasoro
algebra has two irreduible representations Vh with highest weight h = h1,1 = 0 and
h = h1,2 = −1/5 [17℄. We dene the trunated haraters of these representations by
χ˜r,s(q) = TrVhq
L0−hr,s =
∞∑
n=0
d(n)qn
7
where d(n) gives the degeneray of the level n desendents. They an be represented as
the following fermioni sums [18℄
χ˜1,1(q) =
∞∑
n=1
1
(1− q2+5n)(1− q3+5n) , χ˜1,2(q) =
∞∑
n=1
1
(1− q1+5n)(1− q4+5n) (3.1)
Boundary onformal eld theory was developed in [19, 20, 21℄ and the interested reader
is referred to them for details. Applying the formalism to the onformal Lee-Yang model it
an be seen that there are two onformally invariant boundary onditions. On one of them,
denoted by 1 in [16℄, the spetrum of boundary elds is given by the vauum representation
V0 of the Virasoro algebra, and therefore it does not have any relevant boundary elds -
thus an have no boundary perturbation either. In the other ase, denoted Φ in [16℄,
the spetrum of boundary elds is given by the diret sum V0 ⊕ V−1/5 and therefore it
has a nontrivial relevant boundary eld ϕ with saling dimension −1/5 and the general
perturbed boundary onformal eld theory ation an be written as
3
Aλ,Φ(h) = AΦ + µ
∞∫
−∞
dy
0∫
−∞
dxφ(x, y) + µB
∞∫
−∞
dyϕ(y)
where AΦ denotes the ation forM(2/5) with the Φ boundary ondition imposed at x = 0,
and µ and µB denote the bulk and boundary ouplings respetively. There is a unique
nontrivial relevant bulk perturbation given by the spinless eld φ with saling dimensions
h = h¯ = −1/5. The ation of Aλ,1 is similar, but the last term on the right hand side is
missing. For µ > 0 the bulk behaviour is desribed by an integrable massive theory having
only a single partile with mass m with the following S matrix [22℄:
S(θ) = −
(
1
3
)(
2
3
)
= −
[
1
3
]
; (x) =
sinh
(
θ
2
+ ipix
2
)
sinh
(
θ
2
− ipix
2
) [x] = (x)(1− x)
The pole at θ = 2pii
3
orresponds to the ϕ3 property, i.e. the partile appears as a bound
state of itself. The minimal bulk two-partile form fator only has a zero at θ = 0 and a
pole at θ = 2pii
3
in the strip 0 ≤ ℑm(θ) < pi and is of the form [23℄:
f(θ) =
y − 2
y + 1
v(ipi − θ)v(−ipi + θ) , y = eθ + e−θ (3.2)
where
v(θ) = exp
{
2
∫ ∞
0
dt
t
ei
θt
pi
sinh t
2
sinh t
3
sinh t
6
sinh2 t
}
3
The eld L−1ϕ = ∂yϕ, albeit relevant, does not indue any nontrivial perturbation beause it is a
total derivative.
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and it satises
f(θ)f(θ + ipi) =
sinh θ
sinh θ − i sin pi
3
f
(
θ + i
pi
3
)
f
(
θ − ipi
3
)
=
cosh θ + 1/2
cosh θ + 1
f(θ)
and onsequently also f(θ) ∼ O(1) for large θ.
In the boundary theory with the perturbed Φ boundary, the reetion amplitude of the
partile depends on the strength of the oupling onstant of the boundary eld as [16℄
R(θ)Φ = R0(θ)R(b, θ) =
(
1
2
)(
1
6
)(
−2
3
)[
b+ 1
6
] [
b− 1
6
]
with the one-partile oupling
gΦ = i2(3)
1/4(2−
√
3)1/2
√
3 + 2 sin pib
6√
3− 2 sin pib
6
where the relation between the dimensionless bootstrap parameter b and the dimensionful
Lagrangian parameters µ and µB is known expliitely [24℄, while in the ase of the 1
boundary the reetion amplitude is the parameter independent expression
R(θ)1 =
(
1
2
)(
1
6
)(
−2
3
)
and the one-partile oupling is
g1 = −i2(3)1/4(2−
√
3)1/2
3.1 Counting towers for the boundary ondition 1
3.1.1 The reursive equations for the form fators
The 1PFF funtion orresponding to the parameter free reetion fator R(θ)1 is
r1(θ) = i sinh θ u(θ),
where
u(θ) = exp
{∫ ∞
0
dt
t
[
1
sinh t
2
− 2 cosh t
2
cos
[(
ipi
2
− θ
)
t
pi
]
sinh 5t
6
+ sinh t
2
− sinh t
3
sinh2 t
]}
and asymptotially behaves as r1 ∼ e2θ when θ →∞. Following the general ideas in 2.2.1
we introdue the Ansatz
Fn(θ1, . . . , θn) = 4
nHnQn(y1, . . . , yn)
∏
i
r1(θi)
yi
∏
i<j
f(θi − θj)f(θi + θj)
yi + yj
(3.3)
9
where
Hn =
(
i3
1
4
2
1
2v(0)
)n
(3.4)
Then one nds the following reursion equations for the Qn-s [5℄:
D : Q2(y+, y−) = Q1(y)
Qn+2(y+, y−, y1, . . . , yn) =
n∏
i=1
(y + yi)Qn+1(y, y1, . . . , yn) , n > 0;
K : Q2(−y, y) = 0
Qn+2(−y, y, y1, . . . , yn) = Pn(y|y1, . . . yn)Qn(y1, . . . , yn) , n > 0;
B : Q1(y) = 0
Qn+1(0, y1, . . . yn) = Bn(y1, . . . , yn)Qn(y1, . . . , yn) , n > 0; (3.5)
where
Pn(y|y1, . . . yn) = 1
2(y+ − y−)
[
n∏
i=1
(yi − y−)(yi + y+)−
n∏
i=1
(yi + y−)(yi − y+)
]
(3.6)
Bn(y1, . . . , yn) =
1
2
√
3
(
n∏
i=1
(yi +
√
3)−
n∏
i=1
(yi −
√
3)
)
(3.7)
and
y+ = ωz + ω
−1z−1 (3.8)
y− = ω
−1z + ωz−1 , ω = e
ipi
3
with the auxiliary variable z dened as a solution of y = z + z−1 (i.e. writing y = 2 cosh θ
we obtain z = eθ). The symmetry of the expressions (3.5, 3.6) in y± ensures that the
resulting relations do not depend on whih of the two possible solutions of the relation
y = z + z−1 is hosen (swithing from z = eθ to z = e−θ only interhanges y+ with y−).
Note also that Qn+2(y+, y−, y1, . . . , yn) only depends on y rather than separately on
y± beause due to its symmetry in all variables it an only depend on the ombinations
y+ + y− = y and y+y− = y
2 − 3. Furthermore it is easy to see that Pn is a polynomial
in all of its variables (sine the expression inside the parentheses vanishes if y+ = y− and
is therefore divisible by y+ − y−), and using the previous argument again it only depends
on y. However, elimination of y± makes the formulae rather umbersome and therefore we
prefer to keep them in our equations.
It is also interesting to note that the boundary kinematial reursion is atually almost
entirely ontained in the bulk reursion. Using the bulk kinematial reursion with y = 0
results in
Qn+2(0, 0, y1, . . . , yn) = Pn(0|y1 . . . yn)Qn(y1, . . . , yn)
10
while using the boundary kinematial reursion twie leads to
Qn+2(0, 0, y1, . . . , yn) = Bn(0, y1 . . . yn)Bn(y1 . . . yn)Qn(y1, . . . , yn)
and therefore it must be true that
Pn(0|y1 . . . yn) = Bn(0, y1 . . . yn)Bn(y1 . . . yn) (3.9)
whih is indeed satised by the expression (3.6, 3.7). This means that the square of
the boundary kinematial reursion is ontained in the bulk one, as already disussed in
[5℄. The only independent information that the boundary kinematial singularity axiom
arries is the sign of the one-partile oupling g: all the other axioms depend only on the
one-partile reetion fator R, whih in turn ontains only g2 using eqn. (2.1).
Indeed it was shown by Dorey, Tateo and Watts in [25℄ that although the fundamental
reetion fators of the boundary ondition 1 and Φ(b = 0) are idential, these boundary
onditions are physially dierent. Their one-partile ouplings dier by a sign
g1 = −i2(3)1/4(2−
√
3)1/2 = −gΦ(b=0)
and, as a result the whole bootstrap struture hanges: the 1 boundary ondition has no
boundary exited state, while the Φ(b = 0) does. This is also reeted in the dierent
expression for their 1PFF funtion r as disussed after eqn. (3.10). We note that while the
sign of g is not manifest in the reetion fator itself, it aets many physial quantities
besides the spetrum suh as nite size orretions to the energy levels [16, 26℄ and one-
point funtions of the bulk elds [7, 27℄.
3.1.2 Asymptoti behaviour of form fators and simple towers
It an be easily dedued that the asymptoti behaviour of the Ansatz (3.3) is given by
|Fn(θ1 + θ, . . . , θn + θ)| ∼
θ→+∞
exn|θ| where xn = degQn − n(n− 3)
2
where degP denotes the total degree of the multivariable polynomial P dened by
P (λy1, . . . , λyn) ∼ λdegP as λ→∞
Note that
degD(Qn+1) = degB(Qn+1) = degQn+1 − n+ 1 , degK(Qn+2) = degQn+2 − 2n + 1
As a result, the solutions of the reursion relation an be expanded in the basis of simple
towers whih are dened to be towers with the property
Qn = 0 : n < n0
degQn+1 = degQn + n− 1 : n ≥ n0
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for some n0 ∈ N.
For a simple tower the exponent xn desribing the asymptoti growth of the form fator
tower is independent of the level n. Therefore we an use the naive dimension to introdue
a grading on the spae of towers: the subspae of towers of grade x is spanned by the
simple towers with naive saling dimension x. For a simple tower given by the polynomials
{Qn}n∈N the saling dimension an be expressed as
x = degQn − n(n− 3)
2
3.1.3 The reursion kernel and the number of independent towers
Here we arry over an approah developed by Koubek [10, 11℄ to ount solutions of the bulk
form fator equations to the boundary ase. The idea is to lassify the so-alled 'kernels'
of the reursion relations (2.6) rst and use these to get the dimensions of the spaes of
simple towers.
The kernel an be dened as polynomials (at a given level n) that are taken to zero
by the appropriate reursion relation in (2.6). The kernel of eah reursion at level n an
be generated by multiplying an elementary kernel polynomial with an arbitrary symmetri
polynomial of n variables. The generating polynomials are
K : KKn (y1, . . . , yn) =
∏
1≤i<j≤n
(yi + yj)
D : KBn (y1, . . . , yn) =
∏
1≤i<j≤n
(y2i + yiyj + y
2
j − 3)
B : KBn (y1, . . . , yn) =
n∏
i=1
yi
The ommon kernel of the three reursions at level n is generated by the least ommon
multiple of these polynomials whih is just equal to their produt:
Kn(y1, . . . , yn) = K
K
n (y1, . . . , yn)K
B
n (y1, . . . , yn)K
D
n (y1, . . . , yn)
with degree
degKn =
n(3n− 1)
2
and a basis of the kernel polynomials at level n is given by
σ
(n)
k1
. . . σ
(n)
kl
Kn , 0 < k1 ≤ k2 . . . ≤ kl ≤ n
where σ
(n)
k are the elementary symmetri polynomials of n variables and degree k dened
by the generating relation
n∏
i=1
(z + yi) =
n∑
k=0
zn−kσ
(n)
k (y1, . . . , yn)
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The number of linearly independent towers an be ounted using the observation that
every independent tower starts from a kernel polynomial, beause eah new tower appears
at some level (number of partiles) n as an ambiguity of the solution of the reursion
relations. This is true even for the towers starting at the lowest level n = 1 if we note that
the kernel at level 1 is generated by
K1(y1) = y1
The naive saling dimension of the simple tower starting from the polynomial σ
(n)
k1
. . . σ
(n)
kl
Kn
is
x
(n)
k1...kl
= deg σ
(n)
k1
. . . σ
(n)
kl
Kn − n(n− 3)
2
= n(n+ 1) + k1 + . . .+ kl
Now we an write down the generating funtion X(q) dened in (2.8) easily:
X(q) =
∞∑
n=1
∞∑
m=0
℘(m|n)qn(n+1)+m
where ℘(m|n) denotes the number of partitions of the number m suh that none of the
summands is greater than n. Using the identity
∞∑
m=0
℘(m|n)qm =
n∏
i=1
1
1− qi
we obtain
X(q) =
∞∑
n=1
qn(n+1)
n∏
i=1
1− qi
and with the help of a Rogers-Ramanujan identity (following [11℄)
X(q) =
∞∑
n=1
1
(1− q2+5n)(1− q3+5n) − 1 = χ˜1,1(q)− 1
using (3.1). Therefore the result of the ounting of the form fator towers, graded by their
naive saling dimension, exatly mathes the onformal spetrum of the operators loalized
on the 1 boundary, whih is given by the vauum representation of the Virasoro algebra
(with highest weight h1,1 = 0). The subtration −1 orresponds to the identity operator
whih only has trivial (vanishing) form fators.
Note that in laiming the agreement we taitly supposed that the naive saling dimen-
sion x of the towers an be identied diretly with the onformal weights of the saling
operators, i.e. that there are no anomalous dimensions. This was heked for the form
fator tower with the lowest possible dimension x = 2 in [5℄, where performing the spetral
sum we obtained that the ultraviolet dimension of the orresponding operator was indeed
∆ = 2.
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3.1.4 Some expliit solutions
Finally we give the expliit forms of the lowest levels of some form fator towers. The
n = 1 generating kernel polynomial4 is K1 = σ1, and all kernel polynomials an simply be
written as σn1 . The rst three towers starting at level 1 are
x = 2 : QT1 = σ1 , Q
T
2 = σ1 , Q
T
3 = σ
2
1 , Q
T
4 = σ
2
1(σ2 + 3) . . .
x = 3 : Q∂Tn = σ1Q
T
n
x = 4 : Q∂
2T
n = σ
2
1Q
T
n
The upper index T shows that the tower orresponds to the (o-ritial version of the)
boundary stress-energy operator T = L−2I (already found in [5℄), while the other towers
are its rst and seond derivatives respetively. In fat, there is a single tower for eah value
of x less than 6 whih orresponds to the fat that up to this level (due to the presene
of null-vetors) the onformal vauum representation of the c = −22/5 Virasoro algebra
ontains only the vetors Ln−1L−2I (n = 0, 1, 2, 3). At x = 6 the onformal representation
ontains another linearly independent vetor, and indeed a new tower appears, whih starts
from the level 2 generating kernel polynomial:
Q
(6)
2 = σ
2
1σ2
(
σ21 − σ2 − 3
)
Q
(6)
3 = σ1 (σ1σ2 − σ3)
(
σ21 − σ2 − 3
)
Q
(6)
4 = σ1 (σ2 + 3)
(
(σ1σ2 − σ3)
(
σ21 − σ2 − 3
)
+ σ1σ4
)
The ounting argument in the last subsetion ensures that the new towers always appear
in suh a way that the spae of simple towers graded by x mathes the spae of linearly
independent vetors in the vauum representation.
3.2 Counting towers for the boundary ondition Φ
In this ase the 1PFF is [5℄
rΦ(θ) =
i sinh θ
(sinh θ − i sin pi(b+1)
6
)(sinh θ − i sin pi(b−1)
6
)
u(θ) (3.10)
The main dierene from the I ase is the presene of the denominators, whih orrespond
to boundary exited states. Note that at b = 0 the reetion fator R(θ)Φ is idential to
R(θ)1, but the orresponding 1PFFs are dierent. This is related to the dierent interpre-
tation of the pole struture of the R matries disussed in detail in [25℄: for the boundary
ondition 1 the boundary exited state is absent and the orresponding pole at θ = ipi
6
is
explained by a Coleman-Thun diagram. In this ase we take the following Ansatz
Fn(θ1, . . . , θn) = HnQn(y1, . . . , yn)
∏
i
rΦ(θi)
yi
∏
i<j
f(θi − θj)f(θi + θj)
yi + yj
(3.11)
4
We omit the upper index n of σ
(n)
k speifying the number of variables sine it is always the same as
the number of partiles, i.e. the level of the form fator tower.
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The reursion relations in this ase are [5℄
D : Q2(y+, y−) = (y2 − β2−3)Q1(y)
Qn+2(y+, y−, y1, . . . , yn) = (y
2 − β2−3)
n∏
i=1
(y + yi)Qn+1(y, y1, . . . , yn) , n > 0;
K : Q2(−y, y) = 0
Qn+2(−y, y, y1, . . . , yn) = (y2 − β2−1)(y2 − β21)Pn(y|y1, . . . yn)Qn(y1, . . . , yn) , n > 0;
B : Q1(0) = 0
Qn+1(0, y1, . . . yn) = β−1β1Bn(y1, . . . yn)Qn(y1, . . . , yn) , n > 0;
where Pn and Bn are given by eqns. (3.6, 3.7, 3.8) and
βk(b) = 2 cos
pi
6
(b+ k)
The bulk and boundary kinematial reursions again satisfy the appropriate generalization
of the ompatibility relation (3.9).
For the degrees of the reursions we have
degD(Qn+1) = degB(Qn+1) = degQn+1 − n− 1 , degK(Qn+2) = degQn+2 − 2n− 3
and so simple towers an now be dened by the property
Qn = 0 : n < n0
degQn+1 = degQn + n + 1 : n ≥ n0
Due to the additional fators in the denominator the asymptoti behaviour of rΦ(θ) for
θ →∞ is O(1), and so the naive saling dimension of a simple tower orresponding to the
polynomials {Qn}n∈N is
x = degQn − n(n + 1)
2
The kernel is generated by the same polynomials as before, but now the naive saling
dimension orresponding to σ
(n)
k1
. . . σ
(n)
kl
Kn is
x
(n)
k1...kl
= deg σ
(n)
k1
. . . σ
(n)
kl
Kn − n(n+ 1)
2
= n(n− 1) + k1 + . . .+ kl
and as a result we obtain
X(q) =
∞∑
n=1
∞∑
m=0
℘(m|n)qn(n−1)+m =
∞∑
n=1
qn(n−1)
n∏
i=1
1− qi
=
∞∑
n=1
qn(n+1)
n∏
i=1
1− qi
+
∞∑
n=1
qn
2
n∏
i=1
1− qi
=
∞∑
n=1
1
(1− q2+5n)(1− q3+5n) +
∞∑
n=1
1
(1− q1+5n)(1− q4+5n) − 1
= χ˜1,1(q) + χ˜1,2(q)− 1
using again a Rogers-Ramanujan identity following [11℄. This is onsistent with the fat
that in the onformal limit the boundary operator ontent of the Φ boundary ondition is
given by the diret sum of the vauum module with highest weight h1,1 = 0 and the only
other nontrivial representation with highest weight h1,2 = −1/5.
Note that in this ase to ahieve the agreement we must suppose that the naive saling
dimensions of the towers orresponding to operators of the identity representation do not
get any anomalous orretions, while those orresponding to operators in the model with
highest weight h1,2 = −1/5 get exatly the right ontribution for their onformal weight
to math with that predited by onformal eld theory. The true saling weight of the
operator an only be omputed by examining appropriate two-point funtions. This makes
the operator identiation very diult for higher levels as shown below using the example
of the boundary stress-energy tensor.
For x = 0 the operator identiation is easy, sine there is a unique tower with the
required asymptoti properties:
Qϕ1 = σ1 , Q
ϕ
2 = σ1(σ2 + 3− β2−3) ,
Qϕ3 = σ1
[
σ1(σ2 + β
2
−1)(σ2 + β
2
1)− (σ2 + 3)(σ1σ2 − σ3)
]
, . . . (3.12)
In [5℄ the two-point funtion of this tower was ompared to the perturbed onformal eld
theory predition and we found that its identiation with the operator ϕ is justied (this
also settles the ase for all the derivatives of ϕ). We remark that the anomalous dimension
of the orrelator in this ase turns out to be
2∆ = −1
5
6= 2h = −2
5
whih is due to the fat that ϕ itself appears in the ϕϕ operator produt, and so the above
result is in aordane with the disussion under 2.2.2 sine hmin = −1/5 (f. also [5℄ and
also the analogous bulk situation disussed by Zamolodhikov in [23℄). For x = 1 there is
again a single operator
Q∂ϕn = σ1Q
ϕ
n
whose saling dimension an be known exatly in terms of the saling dimensions of the
lowest tower, sine it is a derivative operator. However, we nd two towers at x = 2. One
is the seond derivative
Q∂
2ϕ
n = σ
2
1Q
ϕ
n (3.13)
while the other one starts from the n = 2 generating kernel polynomial:
QT˜2 = σ1σ2
(
σ21 − σ2 − 3
)
, QT˜3 = σ1 (σ1σ2 − σ3)
(
β1β−1
(
σ21 − σ2 − 3
)
+ σ1σ3
)
, . . .
whih is onsistent with the fat that both the Virasoro module h = 1/5 and the module h =
0 have a single linearly independent vetor at level two: L2−1ϕ and T = L−2I, respetively.
The tower (3.13) an be diretly identied with L2−1ϕ sine the ation of L−1 is exatly
given by the derivative, but the identiation of T is more involved. In general we expet
that
T ∝ T˜ + αϕ+ β∂ϕ + γ∂2ϕ (3.14)
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(where the proportionality sign means that the normalization of the operator must also
be xed). Note that T annot mix with higher towers beause that would spoil the short-
distane behaviour. The identiation of T is an open question, to whih we return in the
onlusions.
4 Sinh-Gordon model with Dirihlet boundary ondi-
tions
The sinh-Gordon theory in the bulk is dened by the Lagrangian
L = 1
2
(∂µΦ)
2 − m
2
b2
(cosh bΦ − 1)
It an be onsidered as the analyti ontinuation of the sine-Gordon model for imaginary
oupling β = ib. The S-matrix of the model is
S(θ) = −
(
1 +
B
2
)(
−B
2
)
= −
[
−B
2
]
; B =
2b2
8pi + b2
In this ase there is no self-fusion pole, and so bulk dynamial singularities are absent. The
minimal bulk two-partile form fator belonging to this S-matrix is [28℄
f(θ) = N exp
[
8
∫ ∞
0
dx
x
sin2
(
x(ipi − θ)
2pi
)
sinh xB
4
sinh(1− B
2
)x
2
sinh x
2
sinh2 x
]
,
satisfying
f(θ)f(θ + ipi) =
sinh θ
sinh θ + i sin piB
2
(4.1)
and therefore f(θ) ∼ O(1) as θ →∞.
Sinh-Gordon theory an be restrited to the negative half-line, but integrability is only
maintained by imposing either the Dirihlet
Φ(0, t) = ΦD0
or the two parameter family of perturbed Neumann
VB(Φ(0, t)) = M0 cosh
(
b
2
(Φ(0, t)− Φ0)
)
−M0
boundary onditions [4℄. The latter interpolates between the Neumann and the Dirihlet
boundary onditions, sine for M0 = 0 we reover the Neumann, while for M0 → ∞ the
Dirihlet boundary ondition with ΦD0 = Φ0. The reetion fator whih depends on two
ontinuous parameters an be written as [29℄
R(θ) = R0(θ)R(E, F, θ) =
(
1
2
)(
1
2
+
B
4
)(
−1− B
4
)[
E − 1
2
] [
F − 1
2
]
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and an be obtained as the analyti ontinuation of the rst breather reetion fator in
boundary sine-Gordon model whih was alulated by Ghoshal in [30℄. The relation of the
bootstrap parameters E and F to the parameters of the Lagrangian is known both from
a semilassial alulation [29, 31℄ and also in an exat form in the perturbed boundary
onformal eld theory framework [32℄. Imposing Dirihlet boundary ondition instead of
the general one orresponds to removing the F dependent fator from R(θ).
4.1 Reursion relations for the form fators with Dirihlet bound-
ary onditions
Boundary form fators for sinh-Gordon theory with Dirihlet boundary ondition have
already been investigated to some extent in [5℄, and many solutions were onstruted by
Castro-Alvaredo [33℄ at the self-dual point B = 1. Here we aim to lassify all the solutions
for general oupling.
The 1PFF orresponding to Dirihlet boundary ondition is [5℄
rE(θ) =
sinh θ
sinh θ − i sin γu(θ, B)
where
u(θ, B) = exp
[
−2
∫ ∞
0
dx
x
[
cos(
ipi
2
− θ)x
pi
− 1
]
cosh x
2
sinh2 x
(
sinh
xB
4
+ sinh(1− B
2
)
x
2
+ sinh
x
2
)]
and
γ =
pi
2
(E − 1)
The asymptotis of the 1PFF is rE ∼ eθ as θ → ∞. The one-partile oupling to the
boundary is given by
gE =
2(1 + cos piB
4
+ sin piB
4
)√
sin piB
2
cos γ
1− sin γ
Writing the n-partile form fators in the general form
Fn(θ1, . . . , θn) = HnQn(y1, . . . , yn)
∏
i
rE(θi)
yi
∏
i<j
f(θi − θj)f(θi + θj)
yi + yj
,
and hoosing the ratio of the Hn-s appropriately the reursion equations take the form:
K : Q2(−y, y) = 0
Qn+2(−y, y, y1, . . . , yn) = (y2 − 4 cos2 γ)Pn(y|y1, . . . , yn)Qn(y1, . . . , yn) , n > 0;
B : Q1(0) = 0
Qn+1(0, y1, . . . , yn) = 2 cos γBn(y1, . . . , yn)Qn(y1, . . . , yn) , n > 0; (4.2)
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where Pn is given by eqns. (3.6, 3.8) with ω = e
−ipiB
2
,
Bn(y1, . . . , yn) =
1
4 sin piB
2
(
n∏
i=1
(
yi − 2 sin piB
2
)
−
n∏
i=1
(
yi + 2 sin
piB
2
))
and the bulk and boundary kinematial reursions again satisfy the appropriate general-
ization of the ompatibility relation (3.9). Note that for E = 0 the right-hand side of the
boundary kinematial relation is zero:
B : Qn+1(0, y1, . . . , yn) = 0
and so one ould dispense with the boundary kinematial reursion hoosing an Ansatz of
the form
Fn(θ1, . . . , θn) = HnQn(y1, . . . , yn)
∏
i
rE=0(θi)
∏
i<j
f(θi − θj)f(θi + θj)
yi + yj
as in [5℄. In this paper, however, we hoose to treat the two ases together.
4.2 Counting towers and the spetrum of loal operators
The reursion relations (4.2) have the following degrees:
degK(Qn+2) = degQn+2 − 2n− 1 , degB(Qn+1) = degQn+1 − n
and so simple towers are dened as
Qn = 0 : n < n0
degQn+1 = degQn + n : n ≥ n0
while the naive saling dimension of a simple tower orresponding to the polynomials
{Qn}n∈N is given by
x = degQn − n(n− 1)
2
Due to the absene of bulk dynamial singularities, the generating kernel polynomial at
level n is the produt of the ones for the bulk and boundary kinematial reursions
K ′n(y1, . . . , yn) = K
K
n (y1, . . . , yn)K
B
n (y1, . . . , yn)
with degree
degK ′n =
n(n+ 1)
2
and the naive saling dimension of the simple tower starting from the polynomial σ
(n)
k1
. . . σ
(n)
kl
K ′n
is
x
(n)
k1...kl
= deg σ
(n)
k1
. . . σ
(n)
kl
K ′n −
n(n− 1)
2
= n+ k1 + . . .+ kl
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The generating funtion (2.8) takes the form
X(q) =
∞∑
n=1
∞∑
m=0
℘(m|n)qn+m =
∞∑
n=1
℘(n)qn =
∞∏
j=1
1
1− qj
where ℘(n) is simply the number of all partitions of n.
On the other hand, the independent boundary operators for the Dirihlet boundary
ondition Φ(t, x = 0) = Φ0 are simply given by the dierential monomials
∂k1x Φ(t, x) . . . ∂
kl
x Φ(t, x)
∣∣
x=0
whih have saling weight k1 + . . . + kl. Therefore the number of operators with a given
saling weight n ∈ N is indeed equal to the number of integer partitions of n.
4.3 General boundary onditions
When both E and F are nonzero, the 1PFF reads
rEF (θ) =
sinh θ
(sinh θ − i sin γ)(sinh θ − i sin γ′)u(θ, B) , γ =
pi
2
(E − 1) γ′ = pi
2
(F − 1)
with asymptotis rEF ∼ O(1) when θ →∞, and therefore the saling dimension of a simple
tower is
x = degQn − n(n + 1)
2
and so eah tower starting from an elementary kernel polynomial K ′n has naive saling
dimension x = 0. This results in innitely many towers orresponding to any integer value
of the naive saling dimension!
This is in fat not so surprising if we onsider the expeted spetrum of saling operators.
These are of the form
∂k1t Φ(t, x) . . . ∂
kl
t Φ(t, x)e
αΦ(t,x)
∣∣∣
x=0
(the x-derivatives of the eld an be expressed with exponential operators using the bound-
ary ondition). These an be thought to be organized into families of desendents of the
exponential operators
eαΦ(t,x=0)
the desendent level given by k1 + . . . + kl, so the number of desendents at some level n
is the number of partitions of the integer n. However, the exponential operator has naive
(lassial) saling dimension zero: its saling weight is a fully quantum eet. Although
at rst it seems that there exists a ontinuum of suh operators, reall that they an be
expressed in terms of powers of the eld:
eαΦ(t,0) =
∞∑
k=1
αk
k !
Φk(t, 0)
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whih shows that they depend only on ountably many independent operators, the powers
Φk (whih are not saling elds in themselves, their orrelation funtion involves loga-
rithms) so one expets only a ountable innity of form fator towers with naive saling
dimension 0, whih is indeed what we found.
In this paper we annot go further with the identiation between the form fator towers
and the loal operators beause some further tools are neessary in order to lassify the
towers of zero naive saling dimension arising from the kernel solutions; see the onlusions
in the next setion for details. We only wish to note that our results in the free eld limit
are idential to those in [5℄, and that the whole situation above is very similar to the ase
of the bulk sinh-Gordon model [9℄.
5 Conlusions and open problems
In this paper we performed the lassiation and ounting of the solutions of the bound-
ary form fator bootstrap based on their ultraviolet behaviour. We showed that in the
boundary version of the saling Lee-Yang model and in the boundary sinh-Gordon model
the results are in perfet agreement with the expetations based on boundary onformal
eld theory in the rst ase and on the Lagrangian formulation in the seond. This gives
an additional and ruial piee of evidene for the onsisteny of the bootstrap axioms
developed in [5℄.
Our disussion, however, has made several open problems manifest, that are worthwhile
to be pursued in the future.
5.1 The issue of anomalous dimensions
The rst is the question of anomalous dimensions. It was shown (using the example of the
boundary operator ϕ and its desendents in the Lee-Yang ase) that the naive dimension
obtained from the asymptoti growth of the form fators of some tower is not neessarily
idential to the exat ultraviolet weight of the orresponding operator. In fat the ounting
of towers depends very muh on the additional assumption that anomalous ontributions
to the saling dimensions do not mess up the spetrum
5
, and so the spae of simple towers
with a given value of the naive saling dimension x an be brought into orrespondene
with the spae of loal operators of a given value for the exat ultraviolet weight h.
This issue is also well-known in the bulk and there the omputation the ultraviolet
weight an be takled by two dierent approahes. One of them uses the umulant ex-
pansion of the logarithm of the two-point funtion [34℄ (for a very nie disussion see also
[35℄). The spetral expansion (2.4) an be written in the following form for the Eulidean
5
It ould happen, at least in priniple, that the grading of the operators is hanged by the anomalous
dimensions, so that the lassiation aording to onformal desendents does not math the grading
provided by the naive saling dimension.
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two-point funtion
ρ(mτ) =
∞∑
n=0
1
n!
∫ ∞
−∞
dθ1
∫ ∞
−∞
dθ2 . . .
∫ ∞
−∞
dθne
−mτ
P
i cosh θifn (θ1, . . . , θn)
fn =
1
(4pi)n
FnF
+
n
where we used that the funtions fn are symmetri and even in all the rapidity variables
due to the symmetry properties of the form fators (note that in a unitary theory they are
also positive semidenite, but that is not neessary for the following argument). Supposing
that the leading n = 0 term in the short-distane limit is a onstant and normalizing it to
1 we an write a similar expansion for the logarithm of the orrelation funtion
log ρ(mτ) =
∞∑
n=1
1
n!
∫ ∞
−∞
dθ1
∫ ∞
−∞
dθ2 . . .
∫ ∞
−∞
dθne
−mτ
P
i cosh θihn (θ1, . . . , θn)
where the hn are the umulants of the funtions fn dened reursively by
f1(θ1) = h1(θ1) , f2(θ1, θ2) = h2(θ1, θ2) + h1(θ1)h1(θ2)
f3(θ1, θ2, θ3) = h3(θ1, θ2, θ3) + h1(θ1)h2(θ2, θ3) + h1(θ2)h2(θ1, θ3) + h1(θ3)h2(θ1, θ2)
+h1(θ1)h1(θ2)h1(θ3)
. . .
Dening
h¯n(θ1, . . . , θn) = lim
λ→∞
hn(θ1 + λ, . . . , θn + λ) (5.1)
it is easy to see that the funtions h¯n depend only on the dierenes of the rapidities
(for spinless operators in the bulk this is already true for fn and therefore also hn and in
that ase h¯n ≡ hn). Following the same argument as in the bulk ase we arrive at the
representation
∆ =
∞∑
n=1
1
n!
∫ ∞
−∞
dθ2 . . .
∫ ∞
−∞
dθnh¯n (0, θ2, . . . , θn) (5.2)
for the short-distane exponent dened in (2.5).
The main problem with this approah is that the limit (5.1) exists only for boundary
operators for whih the naive saling dimension is zero, and therefore it is of very limited
use (in the bulk it obviously exists for any spinless operator, but a similar problem appears
when trying to apply this approah to operators with non-vanishing Lorentz spin). An
example to whih the umulant expansion (5.2) an be applied is given by the operator ϕ
in the saling Lee-Yang model with Φ boundary ondition, but in that ase we already have
a muh more detailed omparison with the onformal predition diretly via the two-point
funtion, whih was arried out in [5℄. Therefore it is an interesting problem to develop
some method to extrat the ultraviolet dimension diretly using only the spetral densities
fn, generalizing the above argument.
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The other approah in the bulk is to use a sum rule suh as the so-alled ∆theorem
developed in [36℄. Unfortunately, the arguments used in the bulk ase are not diretly ap-
pliable to boundary theories, beause the boundary omponent of the energy-momentum
tensor does not obey any onservation law in itself, but it remains to be seen whether there
exists some other way of deriving a sum rule.
A further possibility along this line of thought would be to examine the operator prod-
ut of T (the operator that orresponds to the onformal boundary Virasoro urrent o
ritiality) with the boundary operator O in question using the spetral representation for
their two-point funtion, sine it is known from boundary onformal eld theory that they
have an operator produt expansion of the form
T (τ)O(0) = hOO(0)
τ 2
+ less singular terms
but to perform this we would need to identify the form fators orresponding to T ; the
disussion below just highlights the diulties related to operator identiation.
5.2 Operator identiation
It is also an open problem how to identify individual operators with their orresponding
towers. In some ases this is straightforward, like for the operator with the lowest onformal
weight (an exellent example is again the operator ϕ in the saling Lee-Yang model with Φ
boundary ondition, or the boundary stress energy tensor T in the ase of the 1 boundary
ondition [5℄). It is also rather easy to identify form fators of derivative operators sine
F ∂τO(θ1, . . . , θn) ∝
(
n∑
i=1
cosh θi
)
FO(θ1, . . . , θn)
(one the form fators of O are known). For other operators, however, the identiation
is not at all straightforward. Take the example of the boundary stress energy tensor T
for the Φ boundary ondition in the saling Lee-Yang model (subsetion 3.2) where the
new tower at x = 2, orresponding to the appearane of T , mixes non-trivially with other
towers aording to (3.14). It is not easy to disentangle the mixing and so produe a
diret identiation. There are ertainly some approahes to try whih we leave to future
investigations.
One possibility is to alulate the mutual two-point orrelation funtions of the towers
T˜ , ϕ, ∂ϕ, ∂2ϕ and ompare it numerially to the onformal perturbation theory predition
for the operators T , ϕ, L−1ϕ, L
2
−1ϕ (in fat only the orrelators involving T˜ are neessary).
Using that, one an then t the mixing (and normalization) oeients numerially.
Another approah to operator identiation in general is to use a boundary extension of
the approah developed by Delno and Nioli for the bulk saling Lee-Yang model in [37℄
who used the fat that part of the onformal desendents an be generated using derivation
(L−1) and the harges whih remain onserved o-ritiality. This is very eient for low
levels: it makes possible the preise identiation of towers with the appropriate operators
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up to desendent level 7. It remains to be seen whether this method an be extended to
the boundary ase.
In general, however, it is also diult to identify towers orresponding to the primary
elds. As we have shown in subsetion 4.3, this is a very ompliated issue in the boundary
sinh-Gordon model with general boundary onditions, where an innity of x = 0 towers
must be mathed against the spetrum of exponential elds. In the bulk ase form fators
of primary elds satisfy a fatorization property [3, 34, 38℄, for whih a general argument
was given in [36℄. Fatorization makes possible the identiation of towers orresponding
to primary elds, and an also be extended to desendents. It remains to be seen whether
suh lustering property an be extended to the boundary form fator bootstrap: at rst
sight, it seems more promising to take an approah whih relates lustering to the operator
produt expansion as in the paper [39℄ by Balog and Weisz instead of one appealing to
onformal holomorphi fatorization (as done by Cardy et al. in [36℄), whih is broken by
the presene of the boundary ondition. In this regard it is also interesting to examine the
relation between the bulk and boundary form fator bootstrap, to whih we now turn.
5.3 Connetion to the bulk form fator bootstrap
Isolating the leading asymptoti oeient of the n-partile form fator FOn in the large
rapidity limit
FOn (θ1 + λ, . . . , θn + λ) ∼
λ→+∞
F¯On (θ1, . . . , θn)e
xλ + subleading terms
it is obvious that F¯On (θ1, . . . , θn) is a funtion of rapidity dierenes only, and it is also easy
to verify that it satises the bulk form fator axioms as a onsequene of FOn satisfying the
boundary form fator axioms. Therefore F¯On (θ1, . . . , θn) an identied with the n-partile
form fator f O˜n (θ1, . . . , θn) of some bulk operator O˜. As an example, using the asymptoti
behaviours of the 2PFF funtion f in (3.2) and of the 1PFF funtion rΦ in (3.10), the form
fator tower F ϕ (3.12) in the Lee-Yang model with Φ boundary ondition in this limit
gives rise (up to normalization) to the bulk form fator tower of the trae of stress energy
tensor Θ found by Zamolodhikov [23℄. As an appliation of this orrespondene it is easy
to see that the bulk umulant expansion for the anomalous dimension of Θ in [34℄ is just
twie the expression (5.2) evaluated for the boundary eld ϕ. This is onsistent with the
fat that in the bulk ∆Θ = −2/5 while for the boundary ase ∆ϕ = −1/5.
This orrespondene may be related in some way to the bulk-boundary operator produt
expansion in boundary onformal eld theory [20℄, and it is possible that (extending the
example above) the exat saling dimension of operators an be identied this way using
known results for the bulk form fators. It ould also explain why the detailed struture of
the ounting of form fator towers (kernels, naive saling dimensions, harater identities
to use et.) is so similar to the bulk ase as it was treated in [9, 10, 11℄.
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